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Abstract 

We study a complex non-newtonian fluid that models the flow of nematic liquid crystals. The fluid 
is described by a system that couples a forced Navier-Stokes system with a parabolic-type system. We 
prove the existence of global weak solutions in dimensions two and three. We show the existence of a 
Lyapunov functional for the smooth solutions of the coupled system and use the cancellations that allow 
its existence to prove higher global regularity, in dimension two. We also show the weak-strong uniqueness 
in dimension two. 



1 Introduction 

In this paper we study the global existence of solutions for a system describing the evolution of a nematic 
liquid crystal flow. The system couples a forced Navier-Stokes system, describing the flow, with a parabolic- 
type system describing the evolution of the nematic crystal director fields (Q-tensors). The coupled system 
has a Lyapunov functional made of two parts: the free energy due to the director fields and the kinetic energy 
of the fluid. This functional describes, from a physical point of view, the dissipation of the energy of the 
complex fluid. 

In the first part of the paper we use, in a classical manner, the apriori bounds provided by the energy 
dissipation to prove the existence of global weak solutions in the natural energy space. In the second part, we 
study the case where the fluid evolves in the two dimensional space and prove the existence of a global regular 
solution issued from an appropriately regular initial data. In the two dimensional space we also show that for 
an appropriately regular initial data the weak and the strong solutions coincide. The main contribution of this 
paper is to show how to use the specific coupling of the system (the coupling structure that allows the system 
to dissipate energy) not only at the level of regularity of weak solutions but also to transport arbitrarily large 
(enough) regularity of the initial data. Thus we show that for this type of complex fluids the existence of an 
energy dissipation is intrinsically related to the high regularity of the solutions. 

There exist several competing theories that attempt to capture the complexity of nematic liquid crystals, 
and a comparative discussion and further references are available for instance in |16j , [21) . In the present paper 
we use one of the most comprehensive description of ncmatics, the Q-tensor description, proposed by P.G. 
de Gennes [2]. There exist various specific models that all use the Q-tensor description and a comparative 
discussion of the main models is available for instance in [33] . 

In this paper we use a model proposed by Beris and Edwards [3] , that one can find in the physics literature 
for instance in [11] , [24] . An important feature of this model is that if one assumes smooth solutions and one 
formally takes Q(x) = s + (n(x) ®n(x) — ^Id), with s + a constant (depending on the parameters of the system, 
see for instance [H]) and n : M. d — )• S d_1 smooth, then the equations reduce (see [TT|) to the generally accepted 
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equations of Ericksen, Leslie and Parodi [15] . The system we study is related structurally to other models 
of complex fluids coupling a transport equation with a forced Navier-Stokes system [1], [6], [7], [8], [10], [17], 
[18] . [22] . |26j . In our case the Navier-Stokes equations are coupled with a parabolic type system, but we also 
have two more derivatives (than in the previously mentioned models) in the forcing term of the Navier-Stokes 
equations. The Ericksen-Leslic-Parodi system describing ncmatic liquid crystals, whose structure is closer to 
our system (but that has one less derivative in the forcing term of the Navier-Stokes equations) was studied 

in na, na, ng. 

In the following we use a partial Einstein summation convention, that is we assume summation over 
repeated greek indices, but not over the repeated latin indices. We consider the equations as described in 
[11] . [24] but assume that the fluid has constant density in time. 

We denote 

S(Vu, Q) d = + fi)(Q + ^Id) + (Q + ^Id){£D - SI) - 2£(Q + ^Jd)tr(QVu) (1) 

where D d = | (Vu + (Vw) T ) and SI d = | (V« — (Vu) T ) are the symmetric part and the antisymmetric part, 
respectively, of the velocity gradient tensor Vu. The term S(V, Q) appears in the equation of motion of 
the order-parameter, Q, and describes how the flow gradient rotates and stretches the order-parameter. The 
constant £ depends on the molecular details of a given liquid crystal and measures the ratio between the 
tumbling and the aligning effect that a shear flow would exert over the liquid crystal directors. 

We also denote: 

H = f -aQ + b[Q 2 - ^p-Id] - cQtr(Q 2 ) + LAQ (2) 

where L > 0. 

With the notations above we have the coupled system: 



{d t + u- V)Q - S(V, Q) = TH 

d t u a + updpu a = vdpfjUa + d a p + <9/3T Q(3 + dpa a p (3) 



O-fUy = 



where T > 0, v > and we have the symmetric part of the additional stress tensor: 



Ta/3 — (^Qay H Tp^ H^p—^Ha^ + 'a/3 + —7^-)QfSH~ f s — L (^dpQ 1 sd a Q 1 S + —7^-QveQh 

(4) 

and an antisymmetric part: 



— QofyH 1 fj — H al Qjp (5) 

In the rest of the paper we restrict ourselves to the case £ = 0. This means that the molecules are such 
that they only tumble in a shear flow, but are not aligned by such a flow. In this case the system §3§ reduces 
to: 



!{d t + u 7 • d y )Q a p - SlayQyp + QayQyff = r(LAQ a p - aQ af} + b[Q ai Q lP - ^ftr(Q 2 )] - cQ Q/3 tr(Q 2 )) 
d t u a + Ufidpu a = vAu a + d a p - Ldp (d a QcsdpQcs - ^f-dxQtfdxQts) + Ldp {Q ai AQ lf} - AQ ay Q 7 p) 
8-yUj = 

(6) 

in M d , d = 2,3. 
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We also need to assume from now on that 

c> (7) 

This assumption is necessary from a modelling point of view (see [20]:[ZI] ) so that the energy T (see next 
section, relation ©) is bounded from below, and it is also necessary for having global solutions (see Proposition 
[5] and its proof). 

We restrict ourselves to the case £ = for technical simplicity. However, we think that our method can 
also be used in the general case £ ^ and we will study this in a forthcoming paper [25]. 

The paper is organised as follows: in the second section we show that the equation admits a Lyapunov 
functional, whose existence is based on a certain cancellation that will prove to be crucial in the proof of 
higher regularity and the weak-strong uniqueness. Using the apriori estimates provided by the existence of 
a Lyapunov functional we show in the third section the existence of weak solutions in dimensions two and 
three. In the fourth section we restrict to dimension two and show the existence of arbitrarily regular solutions 
and that the strong norms increase in time at most triply exponentially. Finally in the last section we show 
the weak-strong uniqueness of solutions in dimension two. The appendix contains a technical calculation 
necessary in the fourth section. 

Notations and conventions Let So C M 3x3 denote the space of Q-tensors, i.e. 

S = f {Q G M 3X3 ;Q« = Q^MQ) = 0,i,j = 1,2,3} 

We use the Frobenius norm of a matrix \Q\ d = yj tvQ 2 = ^Q a fjQ a [j and define Sobolcv spaces of ex- 
tensors in terms of this norm. For instance H\R d ,S ) ^ {Q ■ K d -> S J Rd |VQ(a:)| 2 + \Q(x)\ 2 dx < oo}. 
For A,BeS we denote A ■ B = tr(AB) and \A\ = y/ti(A 2 ). We also denote |VQ| 2 (cc) = Q a p :1 (x)Q a [j^(x) 
and |AQ| 2 (a;) *= AQ a p(x)AQ a p(x). We recall also that Q a p d = g (dpu a — d a up) and u a .p d = dj3U a7 

Qij,k — &kQij- 



2 The dissipation principle and apriori estimates 

Let us denote the free energy of the director fields: 

HQ) = I ^IVQI 2 + ^tr(Q 2 ) - ^tr(Q 3 ) + £tr 2 (Q 2 ) dx (8) 

J R d Z Z A 4 

In the absence of the flow, when u = in the equations (O, the free energy is a Lyapunov functional of 
the system. If u ^ we still have a Lyapunov functional for (j6|) but this time one that includes the kinetic 
energy of the system. More precisely we have: 

Proposition 1. The system ^ has a Lyapunov functional: 

E(t)= f lf \u\ 2 (t,x)dx+ [ ^\VQ\ 2 (t 1 x) + ^tr(Q 2 (t,x))-\tr(Q 3 (t,x)) + ^tr 2 (Q 2 (t,x))dx (9) 

Z J Rd J m d Z Z 6 4 

Ifd = 2,3 and (Q, u) is a smooth solution of @j) such that Q 6 L°°(0, T; H 1 ^)) D L 2 (0, T; H 2 (R d )) and 
u G L° o (0 1 T;L 2 (R d ))nL 2 (Q,T;H 1 (R d )) then, for all t < T, we have: 

^-E{t) = -v [ \Vu\ 2 dx-T [ tr(LAQ-aQ + b[Q 2 -^^Id]^cQtr{Q 2 )) dx < (10) 
dt J R d J R d \ 6 J 
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Proof. We multiply the first equation in © to the right by - (hAQ - aQ + b[Q 2 - ^§^-Id] - cQtr(Q 2 )j , 

take the trace, integrate over R d and by parts and sum with the second equation multiplied by u and in- 
tegrated over M. d and by parts (let us observe that because of our assumptions on Q and u we do not have 
boundary terms, when integrating by parts). We obtain: 

i L h u? + f |VQ|2 + i tr(Q2) ~ ^ tr(Q3) + i tr ' 2 ^ dx 

+u f \Vu\ 2 dx + T [ tr (lAQ -aQ + b[Q 2 - ^ ^ Id] - cQtr(Q 2 )) dx 

JR d JR d V 3 / 

= J u- V<3 Q(3 (^-aQ al) + 6[Q Q7 (3 7( 9 - ^-tr(Q 2 )] - cQ a[i ti{Q 2 ))^ dx 

i 

+ I (-^a 7 Q 7/ 3 + Qa 7 ^/j) (-aQ a p + b[Q aS Qsp - ^-tr(Q 2 )] - cQ al3 tr(Q 2 )yj dx 



XI 



+ L f UyQap^AQap dx — — / Ua.^QjpAQap dx 
JS. d * JR d 

" v v ' 

A B 

"o" / U-f.aQ-ipAQap dx+— f Qa^jAQapdx-— f Q ai u p n AQ aj3 dx 
1 JR d Z JR d 1 JR d 



-L / Q 1 s,aQ- t s.j3Ua,pdx —L I Q ai AQ 1 pu a .p dx + L / AQ ai Q 1 ^u a ,pdx 
jR d Jm d JR d 



AA 



-L / u a , 1 Q 1 0AQ a pdx+L I u^^Q^pAQap dx 

JR d JR d 



28 2C 

-L / Q ai AQ lf3 u a ^dx+L / AQ ai Q 1/3 u a ,p dx = 

JR d JR d 



CC BB 

where 1=0 (since V • u = 0), XT = (since Q a p = Qp a ) and for the second equality we used 

/ U 1 Q a p n AQ a f i dx+ I Q~/8,aQ~/6,f3U a ,i3dx = / UyQap^AQapdx 
JR d JR d JR d 

S v ' y v ' 

A AA 

f f f 1 

JR d JR d JR d * 

while for the last equality in flTT|) we used 23 + BB = 2C + CC = 0. □ 



(11) 



(12) 



In the following we assume that there exists a smooth solution of © and obtain estimates on the behaviour 
of various norms: 

Proposition 2. Let (Q, u) be a smooth solution of with restriction and smooth initial data (Q(x), u(x)), 
that decays fast enough at infinity so that we can integrate by parts in space (for any t > 0) without boundary 
terms. 
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(i) If Q G V for some p > 2 we have 

\\Q(t,-)\\Lp <e ct \\Q\\ LP ,Vt>0 (13) 

with C = C(a, b, c,p, T). 

(ii) For d = 2, 3 (and (Q, u) so that the right hand side of the expression below is finite) we have: 
rt ft 

|2 i r>,, / \\xi„,(„ M|2 j„ i T\\xirM± M|2 i tt2 I \\\/^il„ M|2 J „ ^ IL./n M|2 , llw/O/'n M|2 



1^,011^ + 21/ / \\Vu(s r )\\i 2 ds + L\\VQ(t,-)\\i 2 +TL' / ||AQ( S , ds < \\u(0, + l|VQ(0, -JH^ 
Jo Jo 

+Ce CT (!|Q(0,.)lli 2 + IIQ(0,-)lli 6 ) (14) 

with the constant C — C(a, b, c, c?, L, T). 
Proof. 

(i) Multiplying the first equation in (j6|) by 2pQtr p ~ 1 (Q 2 ) and taking the trace we obtain: 

(d t + u- V) tr p (Q 2 ) = r(2pLAQ^Q a , 3 trP- 1 (Q 2 ) - 2patrP(Q 2 ) + 2p6tr(Q 3 )trP" 1 (Q 2 ) - 2pctrP +1 (Q 2 )) (15) 
Let us observe that for Q a traceless, symmetric, 3x3 matrix we have: 

tr(Q 3 ) < $tr 2 (Q 2 ) + itr(Q 2 ),Ve > (16) 

o £ 

Indeed, if Q has the eigenvalues x, y, —x — y then tr(Q 3 ) = — 3xy(x + y), tr(Q 2 ) = 2(x 2 + y 2 + xy) and the 
inequality (fTl))) follows. 



Integrating over R d , integrating by parts ( we have no boundary terms because of our assumption), as well 
as using that V ■ u = 0, together with (|16l) (where s = || ) and the assumption c > we obtain: 

d t [ tr?(Q 2 )dx < -2pTL f VQ^VQ^tr^Q 2 )) dx 

v v ' 

<0 

-4p(p-l)TL [ Q af 3 n Q a f3Q8x. 7 Q5xti- p - 2 (Q 2 )dx+C [ trP{Q 2 )dx (17) 

JR d JR d 
y v ' 

<0 

where the constant C depends on a, 6, c,p and T. Thus we have 



tr p (Q 2 (t,x))dx < e ct / tr p (Q 2 (0, x)) dx (18) 



with C = C(a,b,c,p,T). 
(ii) Relation (fTU|) implies 



t rt 



\ l|VQ(V)||! 2 + ^lk(V)ll!* + ^ \\Vu(s,-)\\ 2 Lids + rL 2 ||AQ(*,-)||l a dfl 



tr(Q 2 (0, x)) + tr 2 (Q 2 (0, a:)) dx + |||VQ(0, .)\\ L , + | ||w(0, .)||£ a 



+r / / tr(LAQ(aQ-6Q 2 + cQtr(Q 2 )))<ix ( is + r / / tr((aQ - 6Q 2 + cQtr(Q 2 ))LAQ) dxds 

JO jR d ^ ' Jo if ^ ' 

In the last inequality we use Holder inequality to estimate AQ in L 2 and absorb it in the left hand side 
while the terms without gradients are estimated using (|18[) and interpolation between the L 2 and L 6 norms. □ 
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3 Weak solutions 



A pair (Q,u) is called a weak solution of the system ([5]), subject to initial data 

Q(0,x) = Q(x) G L 2 (R d ), u(0,x) = u{x) G L 2 {R d ), V • u = in V'(R d ) (19) 

if Q G L£> C (R+; if 1 ) n L 2 oc {M. + ;H 2 ), u G L~ (M+;L 2 ) n L 2 oc (R+; H 1 ) and for every compactly supported 
G C°°([0, oo) x R d ; S ), ip g C°°([0, oo) x R d ;R d ) with V^ = 0wc have 

/ / (-Q • ^tV - TLAQ -(f) - Q- uV x Lp -HQ ■ ip + QQ,- ip dxdt 

JO JR d 

= [ Q(x)-<p(0,x)dx + T f [ { -aQ + b[Q 2 - ^ Id] - cQtx{Q 2 )\ -ipdxdt (20) 

jR d Jo Jwi d L « ' 

and 

r°° r r 

-udftp — u a upd a ip/3 + u'VuWip dtdx — / u(x)ip(0, x) dx 

JWL d Jwt d 
oo 



= L / Q 7 S,aQ 7 S,l3i>a,l3 - Qa^^Qjptpa^ + ^QajQjptpa^ dxdt (21) 

JO JR d 

Proposition 3. For d = 2,3 there exists a weak solution (Q,u) of the system with restriction O), 
subject to initial conditions h!9\) . The solution (Q,u) is such that Q G -L^ C (R + ; H 1 ) n L 2 oc (R + ; if 2 ) and 

M eC(l + ;L 2 )nLL(R + ;ff 1 ). 



Proof. We define the mollifying operator 

£?(£) = i[i,„](l£l)/(0 

and consider the system: 



' 9tQ (n) + J n (vJ n u n VJ n Q^) - J n (vJ n n n J n Q^ + J„(j n QWpj„0") = RLA J„QW 

, +r( - aJ n Q(") + 6[J n (Jn<9 (n) Jn<9 (ra) ) - tr(J " (J " q< ; )j " q< "' )) ^] - cJnQ (n) tr(J n (J„Q(») J n QW))) 

8 t u n +VJ n {TJ n u n VVJ n u n ) = -LVJ n (S7 ■ (tr(VJ„Q< n >VJ„Q< n )) - ±|VJ„Q(")| 2 /d)) 
4 +£7>(V • J„ (J„Q(")AJ„Q(") - AJ„QW J„Q(™))) + vAVJ n u n 

where "P denotes the Leray projector onto divergence-free vector fields. 

The system above can be regarded as an ordinary differential equation in L? verifying the conditions of the 
Cauchy-Lipschitz theorem. Thus it admits a unique maximal solution (Q( n >,u n ) G C 1 ([0, T n ); L 2 (R d ; R dxd ) x 
L 2 (R d ,R d )). As we have (TJ n ) 2 = TJ n and J 2 = J„ the pair {J n Q( n \VJ n u n ) is also a solution of By 
uniqueness we have (J n Q^ n \VJ n u n ) = (Q( n \u n ) hence (Q("\u™) G C^QO, T„), H°°) and (Q(' l \u n ) satisfy 
the system: 

{d t Q (n) + J„(u' l VQ( n ') - J„(0"QW - Q(")fi n ) = rXAQ("> 
+r( - oQW + 6[J„(Q(")QW) - trW^'Q'"'}} ^] - cQWtr(J„(Q(«)Q(")))) 
a t u™ +?j n (u B vu n ) = -Lv,j n (v • (tr(vg^vQ^) - ^|vg(")| 2 w)) 
+LV(V • J„ (QWAQW - AQWQW)) + i/Am" 

We can argue as in the proof of the apriori estimates and the same estimates hold for the approximating 
system (|2"2")) . These estimates allow us to conclude that T n = oo and we also get the following apriori bounds: 
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sup ||Q (ri,) ||_L 2 (o,r ;j f/ 2 )ni=°(o,r ;j ff 1 ) < 00 

n 

SUP ||M"||L=o(o,T;L2)nL2(0,T;ffi) < oo (23) 
n 

for any T < oo. 

The pair (Q^ n \u n ) is also a weak solution of the approximating system (|22[) hence for every compactly 
supported tp G C°°([0,oo) x M d ;So), ^ G C°°([0,oc) + xM d ;R d ) with V • i/> = we have: 



(-Q(' l) ■ ftp - TLAQW ■ V ) - J n {Q (n) ■ u n )V x <p - J n (O n Q^) • tp + J n (Q^Q n ) - v dxdt 

I 

Q(x)-^(0,x)dx + T ^ [ {-aQW+b[jJ (Q {n) Y)- tr ( J " ( (Q ( " } ) d. Id ] -cQ^tr(J n (Q(")) 2 )} -y dxdt 

Jo JR d V 7 « 

and 

poo p f 

-u n d t i\> - J n {ulu n p)d a ^ p + uVu n Vip dxdt - / u{x)ip{0, x) dx 

: d JR d 
{ Jn (Q ( $ a Q%) ^ a ,p-J n (Q<$AQ<$ - i/AQW Q$ )i> a , p } dx dt (25) 



L 



JK d 



We consider the solutions of (|2"2"j) and taking into account the bounds (|2"3"|) we get, by classical compactness 
and weak convergence arguments, that there exists a Q G £^ C (K + ; iJ 1 )nL^ oc (]R + ; 7? 2 ) and a it £ L^ C (]R + ; L 2 )n 

2 

toe v 



L 2 oc (R_)_; i? 1 ) so that, on a subsequence, we have: 



Q (n) Q in L 2 (0, T; iJ 2 ) and Q {n) -> Q in L 2 (0, T; H*~ e ),\/e > 

Q (n) (i) <3(0 in -ff 1 for all f G K+ 
u" ->> u in L 2 (0, T; H 1 ) and m" -> it in L 2 (0, T; Ve > 

u"(i) in i 2 for all i G M+ (26) 

These convergences allow us to the pass to the limit in the weak solutions (pM|) . (|2"5"1) to obtain a weak 
solution of ([5]), namely ([27)1) . ([2"Tjl . The term that is the most difficult to treat in passing to the limit is the 
last term in (|25[) . namely 



J n (Q W AQ$ - AQ$ Q<"> )^ dxdt = L [ f (Q W AQ$ - AQ $ Q<"> ) • J„ ^ <fe dt . 

Recalling that -0 is compactly supported we have that there exists a time T > so that t/>(t, x) = 
J n ij}{t, x) — 0, Vf > T, x G R d , n G N. Taking into account that -0 is compactly supported and the convergences 
(l26l) one can easily pass to the limit the terms dpJ n ^ a Q^ and dpJ n 'ip a Q^p strongly in L 2 (0,T; L 2 ). Indeed 
we have: 

dpJ n il> a Qty - dpi' a Q cn = (dpJnlfia - fyVa) Q%j + dpij) a ((}£} - Q al ) (27) 

" * ' " * ' 

I II 

and the first term, I, converges to 0, strongly in L 2 (0,T; L 2 ) because ip is smooth and compactly supported, 
hence dpJ n ip ~ dpip converges to zero in any L q (0,T; L p ) and is bounded in L°° in time and L p in space 



o 


Jn ( 


Jo J] 


S. d X 
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(l<p<ooif<i = 2 and 2<p<6ifd = 3, due to the bounds (|23| ). On the other hand the second term II 
converges strongly to zero in L 2 (0,T; L 2 ) because of (j26|) and the fact that ip is compactly supported. 

Relations (f2"u]l give that AQ)?), AQ^ converges weakly in L 2 (0,T; L 2 ). Thus we get convergence to the 
limit term 



L / (AQ 1 p)(dpi/) a Q ai )dxdt - L I I {AQ ai ){dptl) a Q 1 p)dxdt 

Jo JR d Jo Jm d 

= L [ [ (AQ lP )(d^ a Q ai )dxdt - L [ [ {AQ ai )(dpi; a Q 10 )dxdt. (28) 

Jo JR d Jo JR d 

□ 



4 Higher regularity in 2D, using the dissipation principle 

In this section we restrict ourselves to dimension two and show that starting from an initial data with some 
higher regularity, we can obtain more regular solutions. More precisely, we have: 

Theorem 1. Let s > 1 and (Q,u) £ H S+1 (R 2 ) x i7 s (M 2 ). There exists a global a solution (Q(t,x),u(t,x)) 
of the system with restriction ([7j) 7 subject to initial conditions 

Q(0, x) = Q(x), u(0, x) = u(x) 

and Q 6 L 2 oc (R+;H s + 2 (R 2 )) f) L% c (K+; iP +1 (K 2 )), u e Lf oc (R+; J ff s + 1 (R 2 ) H I£ C (M + ; IP). 

Moreover, we have: 

c Ct 

L\\^Q(t,-)\\h m + \\u(t,-)\\ 2 HS{m2) < (e+||g|| h s + 1 (m?) ~\~ \\ u \\h s (m. 2 )) (29) 
where the constant C depends only on Q,u, a, b,c, T and L. 

The proof of the theorem is mainly based on H s energy estimates and the following cancelation(that is 
also used implicitly in showing the dissipation of the energy in Proposition [1} : 

Lemma 1. For any symmetric matrices Q 1 , Q £ K dxd and Q a p = \ {u a ,p — U/3,a) £ M. dxd we have 

[ tr((QQ' - Q'Q)AQ) dx- I fy(Q' AQ 7j8 - AQ aj Q' ? )u a dx = 
Jm d Jm d 

Proof. We note that 

/ ti((rtQ' - Q'n)AQ) dx = n ai Q' lP AQp a -Q' ai Vt 1 pAQ f)a ^ Sl arr Q' fl AQf la + np 7 Q' AQ a p 
jR d JR d Jm d 

= 2 tr(OQ'AQ) dx = / u^pQ'^AQ^a dx - / up^Q'^AQ^a dx (30) 

jR d JR d JR d 

y v ' v v ' 

II X 2 

and on the other hand 



and also 



d i 3(Q' ai AQ 1 p)u a = / Q' ai AQ lf )df3U a = / Q'p 1 AQ ia d a up = I 2 

JwL d JR d 

dp{AQ ai Q' p)u a = - I Q'g AQ la dpu a = -h 

jR d 



which finishes the proof. □ 
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Remark 1. The main point in the proof of the theorem is to use the previous lemma to eliminate the highest 
derivatives in u in the first equation of the system (0) and the highest derivatives in Q in the second equation 
of the system. The proof could have been done, alternatively, by differentiating the equations k > 1 times and 
using the previous lemma. However that would have required estimating some delicate commutators and would 
have restricted the initial data to (Q,u) g H 3 x H 2 . The Littlewood-Paley approach that we use allows for 
(Q,u) e H s+1 x H s with s>l. 

In order to prove the theorem we need to introduce some technical preliminaries: 
4.1 Littlewood-Paley theory 

We define C to be the ring of center 0, of small radius 1/2 and great radius 2. There exist two nonnegative 
radial functions \ an d <P belonging respectively to T>(B(0, 1)) and to TJ(C) so that 

X (0 + $>(2- 9 £) = l,V£eR rf (31) 

\p ~ q\ > 2 =*> Supp tp(2~ q -) n Supp ip(2- p -) = 0. (32) 
For instance, one can take x G "D(B(0, 1)) such that % = 1 on -8(0, 1/2) and take 

p(0 = x(£/2)-x(0- 

Then, we are able to define the Littlewood-Paley decomposition. Let us denote by T the Fourier transform 
on M. d . Let h, h, A q ,S q (q € Z) be defined as follows: 

h = T~ x if> and h = J-~ 1 x, 
A q u = F-\ip{2-^u) = 2« d J h(2"y)u(x - y)dy, 

S q u = T- 1 { X {2- q ^)J : u) = 2* 1 [ h(2 q y)u(x - y)dy. 



We recall that for two appropriately smooth functions a and b we have Bony's paraproduct decomposition 

ab = T a b + T b a + R{a, b) (33) 

where 

T a b = Sq'-iaAq/b, T a = S q i -.\bA q ia and R(a, b) = A q iaA q i + ib. 



q q q , 

ie{o,±i} 



Then we have 



A q (ab) = A q T a b + A q T b a + A q R(a, b) = A q T a b + A q R(a, b) (34) 
where R(a, b) = T a + R(a, b) = £ g < S q > + 2bA q /a. Moreover: 



A q (ab) = S|g/_q|< 5 A g (,Sg'_iaAg/6) + T, q , >q - 5 A q (S q > +2 bA q >a) 

= ^\q'- q \<5[A- q , S q '-ia]A q rb + - q \<sS q ' -\aA q A q >b + T, q r >q ^ 5 A q (S q > + 2bA q /a) 

= E| 9 /_ 9 |< 5 [A 9 , Sq>-ia]Ag>b + T>\ q ,_ q \< 5 (S q ,-ia - S q -ia)A q A q ,b 

+Y lq > >q - 5 A q (S q > +2 bA q <a) + T,\ q , _ q \< 5 S q -iaA q A q <b (35) 

v * ' 

=S q -iaA q b 
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In terms of this decomposition we can express the Sobolev norm of an element u in the space H s as: 

\\u\\ HS = (\\s u\\l,+Y J ^ qs \\\A^) 1 ' 2 

We will use the following well-known estimates: 

Lemma 2. (W^.fWI) 

(i) (Bernstein inequalities) 

2- q \\VS q u\\ LP < C||u||lp, VI < p < oo 
\\A q u\\ L P < C2-«||A 9 Vu|| L p < a||A,tt||i>,Vl < p < oo 

(ii) ( commutator estimate ) 

||[5,/_ia I A,]6|| ia < C , 2-«||V5 9 /-ia|| i c.||6|| £a 
4.2 Proof of theorem Q] 

Step 1. Estimates of the high frequencies 

Applying A q to the first equation in (|6|) we get: 



dtAqQafl ~ rLAA g Q Q( g — AqQajSq-lQjjS + S q - 1 Q al AqQ.yf} — — A g (M 7 Qa/3, 



+TA q [-aQ aP + b \ Qa~iQ~tj3 - -^tr(Q^) J - cQ Q(3 tr(Q 2 )] 

+E| g '_ g |<5[A 9 ; Sq'-iQ^p] A g <f2 a7 + S| g /_ g |< 5 (S' g '_i(5 7( g — S q -iQyp)A q A q iSl a y + E g / >g _5A g ( 5^+2^07 A g <(3 7 /3) 

— ^\q'-q\<5[A q ] Sq'-iQa^AqiQyp — £ \ q t _ q \ < 5 _iQq, 7 — (^07) A g A g ' i7 7( g — S g '>g_5A g (5'q'+2ri 7/ gA 9 '(5 a7 ) (36) 

Multiplying the previous equation by — LAA q Q a p and integrating over R 2 and by parts we obtain: 

^d t \\VA q Q\\ 2 L2 +TL 2 \\AA q Q\\ 2 L2 + L J A 9 Q7 5 g _iQ 7(3 AA ? Q Q/ 3 - L J S q -iQ a ^A q D,^pAA q Q a p 
= L (A 9 (uVQ Q( g), AA ? Q Q(3 ) —L ^\ q '- q \<5 ([A q ; S q '-iQj/3]A q >Q a7 , AA q Q a p) 



— M 



—L S| g /_ 9 |< 5 ((Sq>-iQ~,p — S q -iQ 1 j3)A q A q 'D, ai , AA q Q a p) 

13 

—L Sq' >g _ 5 (A q (S q i + 2^l a ^A q iQ 1 f}) , AA q Q a p) +L E| 9 /_ g |<5 ([A g ; Sg'_i<2 a7 ]A g 'fi 7i a, AA q Q a p) 

" . ' ' . ' 

dej def 

+1/ S| ? /_ g |< 5 ((S q '_lQo, 7 — Sq-iQ al )A q A q '£lyp, AAqQafi) +L S ? ' >( j_5 (Aq (5 , g '+2ri 7 /3A g 'Qa7)) 1 AA g Q Q( 3) 



— -t-6 



-LT [A q [-aQ aP + hQ ai Q lf} - cQ Q(3 tr(Q 2 )], AA 9 Q Q(3 ) (37) 



Is 

Applying A q to the second equation in © we get: 
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d t A q u a - yAA,M a = d a A q p + Ldp (S q -iQoi y A q AQ y p - A q AQ ai S q -iQ 1 p) 
-LdpAq (daQysdpQys "^-dxQ^sdxQ^s J - A q (updpu a ) 



< ? '- g |<5[ A <?;'S'g'-i ( 3a7]A (? /A(5 7/ 3 + S| g /„ 9 |< 5 (S' 9 /^i(3 Q!7 - 5 , 9 _iQ ct7 )A 9 A^AQ 7 ^ J 
+L9,g ^S 9 ' > «j_ 5 A 9 (S'g' + 2AQ 7( gA g '(5 a7 ) — S| g /_ 9 |< 5 [A g ; S g '_i(2 7i a]A g / AQ Q7 ^ 
— Ldp fS| g /_g|< 5 (S' 9 '_iQ 7l a — 5 , g-iQ7 / g)A g A g ' AQ Q7 + E g / >g _5A (Z (S' g ' + 2A(5 Q7 A g /(5 7) g)^ (38) 

We multiply the last equation by A q u a , integrate over R 2 and by parts to obtain: 

^d t \\A q u\\ 2 L 2 + v\\A q Vu\\ 2 L 2 + L J Sq-iQayAqAQypAqllajj — L J AqAQarfSq-iQypAqUarf 

= - (Aq(updpu a ), A q u a ) +L J A q (^daQjsd/sQ^s - ^-d\Q~«&d\Q~t?}j A q u a ^ 



def v— 



-iS|g'_ g |<5 [[A q ;Sq'-lQ al ]Aq>AQypA q U a! P —L J S|g/_g|< 5 (S' 9 /_i(5 a7 — Sq-lQa^AqAqiAQ^pAql 



d = f J 3 ^J4 



—L J T, q ' >q ^ 5 A q (S q ' + 2AQ 1 fjA q >Q aj )A q u a j : j +L Y,\ q ,_ q \< 5 J[A q ;S q >-iQ 7 f]]A q rAQ ai A q u a j-s 

V v ' V v ' 

d = f J 5 d = f Je 

\-L J S| 9 /_ g |< 5 (S' 9 '_i(5 7 ^ - S q -iQ 1 p)A q A q > AQ ai A q u a _i3 +L J Y, q i > q- 5 Aq(Sq'+2AQ olJ Aq>Q 7 p)A q u ai p (39) 
v * ' v * ' 

Summing f|3T[) and (|39|) and using Lemma [I] we get: 

d t ( §||VA 9 Q||| 2 + JllA^Hia) + v\\A q Vu\\l 2 + rL 2 ||AA 9 Q||| 2 = £3 + E ^ ( 40 ) 



i=l 3=1 



We denote by <p(t) d = L\\VQ\\ 2 Hs + \\u\\ 2 Hs with ipx{t) d = L\\S a VQ\\ 2 L2 + \\S Q u\\ 2 L2 the low-frequency part 
o and y>2(£) = y(0 — fi (t) the high-frequency part of ip. 

The last equality leads to the following estimate, whose technical proof is postponed to the Appendix A: 



\j t ^ + E 2 29S (^||AA 9 Q||| 2 + ^\\WAqu\\h 
< C(l + HVQIIi. + + ||Q||i-))(||VQ|||. + ||«||^) + ^\\AQ\\ 2 HS + ^\\Vuf H . (41) 



Step 2. Estimates of the low frequencies 
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This is much easier than the previous step. We apply So to the first equation in (|6]), multiply by 
—LSoAQap, take the trace, integrate over IR 2 and by parts and we get: 

+C||vSoQ||| 2 (i + ||QIU~ + ||Q||!~) 

hence 



-StllSoVQUl, + — ||AS Q||£ 2 < C||5 VQ||i a (||«||io. + 1 + ||Q|| £ - + \\Q\\U) + C\\u\\% a \\Q\\U (42) 

We aply So to the second equation in multiply by Squ and integrate over R 2 and by parts to obtain: 
ld t \\S u\\ 2 L2 + v\\VSou\\ 2 L2 <C|| U || £00 ||Vu|U2||5ou|U=+q|V5ou|| i2 (||VQ|Uoo||VQ|U 2 + ||Q|Uoo||AQ|| i2 ) 
hence 

5 Wo* + ^\\VS u\\% < 0\\uf H ,(l+ \\u\\ L ~) + C||VQ|| 2 ff3 (||VQ|| 2 2 + ||Q|| 2 .) (43) 
Summing (|42p and (|4"3")) we obtain: 

d m + ^\\VSou\\l 2 + ^\\ASoQ\\h < \\u\\l^ + c(l + WQWU + \\VQ\\h)<P (44) 

Step 3. The estimates of the high norms 
Summing (|4*Tj) and (|4"4"|) we obtain: 

\ V '(t) < C(||VQ||£. + \\u\\l~)v + C(l + ||Q||i. + || VQ||| 2 )^ 

Now we use a fundamental ingredient in the global existence, namely the logarithmic estimate (see [1]), 
for s > 1, 

HVQIU- + ||u|| L o. < C(\\Q\\ H2 + \\u\\ Hl )J\n(e + lig^lk+iHik ), 
and be denoting /(f) d = ||Q||^ 2 + IM) 2 ^ anclg(i) d = 1 + ||Q|||«, + ||VQ||| 2 we obtain 



v'(*)<C/(*)(Me+^)+5(*))v(*)- 
Observing that the function = xln(e + ^) is increasing the last relation implies: 



<f/(t) < (7(1 + /(*))( ln(e + <p(t)) + g(t)) ip(t) 
By integrating this differential inequality, we obtain: 

[ e /o< 1 +/< T )) dT c(l+ f* o(t)<1t) ] 

< (e+ HQollir- + II^HlrO^ 1 ' ^ C(t,Q,u,s), 

and this uniform bound, imply the global existence of a regular solution for regular enough initial data. Taking 
into account Proposition [5] we have that J f{s)ds increases exponentially and this gives the rate in (f2U)) . □ 
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5 Weak- Strong uniqueness in 2D 



In this section we consider a global weak solution and a strong one, starting from the same initial data 
(Q, u) E H S+1 (R 2 ) x H S (R 2 ) with s > 1 and we show that they are the same. More precisely: 

Proposition 4. Let (Q,u) e H S+1 (R 2 ) x H S {R 2 ) with s > 1. By Proposition \^th ere exists a weak solution 
{Qi,U\) of the system (G|) 7 subject to restriction |7|) and starting from initial data (Q,u), such that 

Q 1 eL^ c (R + ;H 1 (R 2 ))nL 2 oc (R + ;H 2 (R 2 )) and m £ Lf£ c (R + ; L 2 (R 2 )) n Lf oc (R + ; H 1 (R 2 )) (45) 
Theorem Q] gives the existence of a strong solution (Q 2 ,U 2 ) such that 



Q 2 G L z ~ (R+; H S+1 (R 2 ) n L 2 oc (R+; H S+2 (R 2 )) and u 2 e L°°(R+; H S (R 2 )) n L 2 (M+; # S+1 (]R 2 )) (46) 
with s > 1 and i/ie same initial data (Q,u) € i? s+1 (IR 2 ) x 77 S (R 2 ). TTiera (Qi,«i) = (Q 2 ,u 2 ). 

Proof. We denote by 8Q = Qi — Q 2 and Su = u\ — u 2 which verify the following system 
f (dt + 8uV)8Q - SnSQ + 8Q8Q + 8uVQ 2 + u 2 V8Q + Q 2 8Q + 8QQ 2 - 8QQ 2 - Q 2 SQ 

= r (lA8Q - aSQ + b[SQQ 1 + Q 2 SQ - tT { 5QQ ^ SQ ) Id ] _ c 8Qtr(Q 2 ) - cQ 2 [tr(Qi*Q + <SQQ 2 )] ' 
d t <5w + 7>(£uV<Ju) = vA8u - LV(V ■ (VSQV8Q - \\V5Q\ 2 )) + LV(V ■ (SQASQ - A6Q6Q)) 
-V(u 2 V6u + 5uVu 2 ) -LV\V- ((V<5QVQ 2 + VQ 2 V5Q) - \tv(V5QVQ 2 + Q 2 V5Q)ld) 

{ +LP(\7 ■ (6QAQ 2 + Q 2 A6Q - ASQQ 2 - AQ 2 8Q)) 

(47) 

We proceed similarly as in the proof of Proposition [TJ namely we multiply the first equation in (|4"T|) to the 
right by —LASQ + SQ, integrate over R 2 and by parts, take the trace and sum with the second equation in 
(|4"T| multiplied by 8u and integrated over K 2 and by parts. Taking into account the cancellations analogous 
to the ones in (jTTj) we obtain: 

— / ^\VSQ(x)\ 2 + \\5Q{x)\ 2 + \\5u(x)\ 2 dx + [ v\V5u{x)\ 2 + TL 2 \A5Q(x)\ 2 dx 
dt J R 2 2 2 2 J M 2 

= L [ tr([ouVQ 2 + u 2 V5Q + 5Qil 2 - tt 2 5Q] A6q) dx + L [ trf [Q 2 SQ - SflQ 2 ] ASq) dx 
Jr 2 \ > Jr 2 ^ 1 

A 

|2 



-aTL / \V5Q{x)\ 2 dx-bTL I tr( (8Q(x)Q l (x) + Q 2 {x)SQ{x)) ASQ(x) ) dx 
Jm? Jr 2 ^ 1 

+cTL [ ti(5QASQ)tr{Q 2 1 ) dx + cTL [ tx{Q 2 A8Q)tx{Q r 8Q + 8QQ 2 ) dx 
Jr 2 Jr 2 

tx(8uVQ 2 SQ) dx - / tx{Q 2 8Q.8Q) dx - / tr(8Qn 2 SQ)dx 
Jr 2 Jr 2 

I 

+ / tx(8VLQ 2 8Q) dx + / tT(n 2 (8Q) 2 ) dx-TL [ \VQ\ 2 dx 
Jr 2 Jr 2 Jr 2 



ii 



aT [ |(5<3| 2 da; + 6r f tr (SQQ X 8Q + Q 2 {8Q) 2 ) dx 
Jr 2 Js, 2 



(48) 
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-cT [ tr(Qi) 2 |<SQ| 2 cfe-cr / tr(Q 2 «5Q)tr(Q 1 5Q + SQQ 2 ) dx 

JR 2 JR 2 

/ (u 2 VSu + 5u\Ju 2 )5u dx + L (\7SQVQ 2 + VQ 2 VJQ) ■ VSu dx 

Jr 2 Jr 2 

SQAQ 2 - AQ 2 5Q^j ■ V5u dx - L J (q 2 A5Q - ASQQ 2 ^j ■ V5u dx (49) 

* — - » ' 

AA 

Let us observe that Lemma [1] implies A — AA = 0. Also I + TZ = and then we easily obtain 

~(L||V*Q||| a + \\SQ\\l 2 + \\Su\\%) + LL 2 !|A,5Q||| 2 + v\\V5u\\ 2 L2 < L\\A5Q\\ L ,\\5u\\ L 4VQ 2 \\ L ~ 

+L\\u 2 \\ L ^\\VSQ\\ L 2\\ASQ\\ L 2+2L\\SQ\\ L 2\\n 2 \\ L ^\\ASQ\\ L 2 
\a\TL\\V5Q\\ 2 L2 + |6|rL||A5Q|| L »||<yQ|| £ 4||Q 1 || £ « + |6|rL||Q 2 || L ~ ||<5Q|M|A<5Q|| L2 
+cLi|| ( 5Q|| i 4||A ( 5g|| i 2||Q 1 || 2 8 +crL||Q 2 || L oo||A<5Q|| £ 2(||Q 1 || i 4 + \\Q 2 \\n)\\SQ\\ L * 

+||VQ 3 ||£c ||*u|| ia ||*Q|| i , + 2||Q a || L «||V*u|| £ »||«Q|| i » 
+ |a|rpQ|| 2 2 +r(|6| +c||Q 2 || £ o )(||Q 1 || £2 + ||Q 2 || £2 )||<5Q|| £ 4 
+ ||H| 2 2 ||V U2 || L oo +2i||Vg 2 || £ =o||V5Q|| L 2||Vfe|| i 2+2L||AQ 2 || L oo|| ( 5Q|| i2 ||V ( 5 M || L 2 



< |||V^|| £2 + ^L\\A6Q\\h + C (||Vu 2 ||£- + llVQalli-) ||<Ju| 

Ji 

+C ( 1 + ||V«2||i» + HVQallioc + \\Q 2 \\l~ + ||AQ 2 || 2 J ||<5Q|| 2 2 +c(l+ \\u 2 \\ 2 Lx + ||VQ 2 || £ J \\VSQ\\ 2 L2 



2 

L 1 



Ji Jz 

+C + HOxllis + ||Q 2 || £ ~(||Qi|| £ 4 + \\Q 2 \\%) +r(|6| + c||Q 2 || £00 )(||Q 1 || £2 + ||Q 2 || £2 )) \\5Q\\% (50) 

V v ' 

Ji 

We are in 2D so ||<JQ|| L 4 is controlled by ||5Q|| £ a + ||V£Q|| £2 - The hypothesis, namely relations P5)l and 
(|46p . ensure that the terms Ji,i = 1, 2, 3, 4 are integrable in time thus using the last inequality and Gronwall 
Lemma we obtain the uniqueness of the solution. □ 

Acknowledgements MP and AZ thank John M. Ball for stimulating discussions. MP gratefully acknowl- 
edges the hospitality of Oxford University's OXPDE Center. AZ acknowledges the support of the EPSRC 
Science and Innovation award to the Oxford Center for Nonlinear PDE (EP/E035027/1). 



A Proof of estimate (1411 ) 

In the following, a q (t) denotes a sequence in l 2 q for all i > and b q {t) is a sequence in l q , Vt > 0, sequences 
that can change from one line to the next. Moreover || gN ||z 2 , II (i)) 9eM II < C where the constant 

C is independent of t > 0. 

\Ii\ = I (A q (uVQ a p),A q AQ aP ) | # | /" S q -xu\^7Q a pA q AQ aP + ^ ([A,; S q ,-iu]A q ,VQ a p, A q AQ a0 ) 

v ., l„/_„l<-t; 



g'-q\<5 



def 
— -Lin 



{(S q >-iu- Viii)A,^VQ„(,,AA,^)+ {\(S q >+2VQ a c3A q ,u),A q AQ a p)\(51) 
\g'—q\<5 q'>q-5 



— -L-lc 
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\Iia\ < C||u|| L oo||A g VQ|| L 2||AA (? Q|| i 2 < C2- 2 « s b q (t)\\u\\ L ~\\VQ\\ H s\\AQ\\ H s (52) 



\Zu\ < Y ll[A 9 ;^_iM]A^VQ Q(3 || L 2||A 9 AQ^|| i 2 < Y 2~ q \\VS ql - 1 u\\ L ^\\yA q ,Q af ,\\ L 2\\A q AQ al3 \\ L 2 
k'-«l<5 |g'-«|<5 

< C\\u\\ L ~2- 2 i s b q (t)\\\7Q\\ Hs \\AQ\\ Hs (53) 



\lic\ < C\\u\\ L -\\A q VQ\\ L 2\\AA q Q\\ L 2 < C2- 2 « 3 b q (t)\\u\\ L ~\\VQ\\ H .\\AQ\\ H . (54) 



|Xw|< Y |(A,(^ +2 VQ^A g m),A 3 AQ^)|<||VQ|U=o Y 2 -(«'+^2«' s || A g m|| L2 2^|| A g AQ|| L 2 

q'>q — 5 q'>q — 5 

<||VQ|| L « 2-^' + ^6 g ,(i)ll«ll^l|Ag||^ <C\\VQ\\ L ~2- 2 « s b q (t)\\u\\ Hs \\AQ\\ H s (55) 

q'>q~5 

where & 9 W - E,'> 9 -5 S"' 9 '" 9 ^ V W- 

|I 2 | = | Y {[^ q ;S g '-iQ 10 }A ql n ai ,AA q Q a p)\< Y 2- 9 ||5^_iVQ 7 ^|| L -||A 9 ^ Q7 || L 2||AA 9 g Q(3 || i 2 

\q'-q\<5 \q'-q\<5 

< Y C2-"\\S q ,. 1 VQ y0 \\ L ^2' l '\\A g m\\ L 2\\AA q Q^\\ L 2<C Y \\VQ\\L°o\\& g >u\\v\\&& 9 Qh> 

\q'-q\<5 \q'-q\<5 

< C2- 2 ^b q (t)\\\7Q\\ L ^\\u\\ Hs \\AQ\\ Hs (56) 



= I Y< ((Sq'-iQ'yP _ -Sg-i^^OAgA^f^, AA q Q a p) \ 

\q'-q\<5 

- Y, II (Sq'-iQjP - S q -iQ 1 p) A g A g /fi Q7 |[ i 2||AA 9 Q Q , ( g|| L 2 
|g'-9l<5 

< C Yj \\S q >-iQ 1 p - S q -iQ 1 p\\L<^\\A q VL ai \\ L 2\\AA q Q a p\\ L 2 

|g'-g|<5 

< Y 2- <z '||A^VQ 7/3 || L ^||A (? r! Q7 || i 2||AA 9 Q Q/3 || L 2 

\q'-q\<5 

< C2-i\\VQ\\ L -2V\\A q u\\ L 2\\A q AQ\\ L 2 < C2- 2 * s b q {t)\\VQ\\ L ~ \\u\\ H . \\AQ\\ H , (57) 
where A q = E[ t \< 5 A i- 

|J 4 | = | Y (& q (S q , +2 n ai A q ,Q lP ) ,A q AQ a0 )\ < Y l|A g (SV+20 17 A,,Q 7 ,3)|| i 2||A 9 AQ a/ 3|j i 2 

q'>q — 5 q'>q—5 

< Y \\S q >+2tt a ~ f \\ L ~\\A q ,Q 1 p\\ L 2\\A q AQ a p\\ L 2 < Y C2 g '\\S q '+2U\\ L°c || A g /(3 7( g|| i 2 || A q AQ a p\\ L 2 

q'>q — 5 q'>q — 5 

< \\u\\ L ~C Y 2- 2<? ' s 2«'( s+1 )||A^Q 7/3 || L2 2«' s ||A ? AQ Q/3 || i2 < C\\u\\ L a,\\VQ\\ H ,\\AQ\\ H ^ q/ > q ^2^' s a q ,(t)a q ,(t) 

q'>q~b 

<C2^ s b q (t)\\u\\ L ^\\\7Q\\ H 4AQ\\ Hs 
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where b q {t) = E g , >9 _ 5 ^'"^a,, (t)a q , (t). 

The term 2^, k = 5, 6, 7 is estimated exactly as the term Iks that we have already studied above. 



|X 8 | = | y A q (aVQa/s - 6VQ Q7 Q 7(3 - &Q Q7 V<2 7/3 + cVQ Q(3 tr((3 2 ) + 2cQ a[j VQ^sQ^s) , VA g Q a/3 
< (\a\ + 2\b\\\Q\\ L oo + 3c||Q||0 \\VA q Q\\ 2 L2 <(\a\ + 2\b\\\Q\\ L ~ + 3c||Q||£,„)2- 2 » s &,(*)||VQ|& 



\J X \ = |(A g (uVu),A g «)| = | J S q - 1 uVA q u-A q u\+ \ J [A g ;5^_iu]A^VuA, 

' |<j'-g|<5 



Jlo 



J\ h 



Y | {S q >-iu - S q -iu)A q A q ,VuA q u\+ I / A g (5 g / +2 Vu- A g /u)A g 



|g' — <j|<5 q'>q— 5 



with 

Uial < ||VHU~l|A 9 V U || i2 ||A^|| i2 < ||u||£«2- a «'&,(t)||Vu||H.|M|ir. 



l^ibl = 1 E / [A g ; V-i M ] A 9'VuA gU | < C2-lVxVu||i-||A^Vu|| L »||A,u|U* 
k'-«l<5 J 

< C||u||£.o2- 2 * s &,(t)||Vu||jf.||u||ff. 



l«'-«l<5 



= {& q (S q >+2VuA q ,u),A q u)\< J2 \W(S q >+2VuA q ,u)\\ L 2\\A q u\\ L 2 

q'>q—5 q'>q — 5 

< \\S q >+2Vu\\ L ~\\A q ,u\\ L 2\\A q u\\ L 2 < Y C2v'\\S q , +2 u\\L~\\A q ,u\\ L 2\\A q u\\ L 2 

q'>q—5 q'>q—5 

<C||«||i- J2 c2- 2 i' s 2i' s \\A q ,Vu\\ L 22i' s \\A q u\\ L 2 

q'>q-5 

< C\\u\\l~\\Vu\\ h .\\u\\h' c2- 2 i' s a ql {t)a q ,{t) < C2- 2c > s b q (t)\\u\\ L ~ \\Vu\\ H » \\u\\ H . 

q'>q-5 

where b q (t) = E q >> q - 5 2~ 2 ^'-^a q , (t)a q , (t) G iJ.Vt > 0. 



\J 2 \ = | J A q {d a Q lS df}Q 1 8) A q u a>f} \ < \\ A q {d a Q lS d j 3Q 1 8) ||l 2 II A 9 Vu|| L 2 
< C2- 2 « s b q {t)\\d a Q lS df3Q~ t 5\\H4VAHs < C2- 2 " s 6 9 (t)||VQ|| L ~||VQ|| ffs ||V W || ffs 



1G 



\Jz\ = \ [A q ;S q '-lQ ay }A q ,AQ^A q U a ^\< 51 II [ A «5 S q >-lQ ay ]A q > AQ^\\ L 2 \\ A q Vu\\ L 2 

\q'-q\<5 \q'-q\<5 

< C2- 9 ||5^_ 1 VQ Q7 || L ocHA g AQ 7/3 || L 2||A (J V w || L 2 < C\\ VQ\\ L ~ || A,VQ|| L 2 1| A q Vu\\ L 2 

< C2- 2 « s b q (t)\\VQ\\ L o°\\VQ\\ H .\\Vu\\ H s (65) 

Concerning the term we use that (S q i -\Q ai — S q -\Q ai ) is localized in a dyadic ring, so we have 

\\S ql -iQ ai - S q - X Q ai \\ h ~ < C2-«||VQ||i«, 

and we obtain 

\Ji\ = | f J2 {Stf-iQcn - S q -iQ tr j)\A 9 >AQifi\v°,p\ < C2- 9 ||vg|| L =o2«||A 9 Vg|| L 2||A gWQ!(3 || L 2. 

\q'-q\<5 

Using the fact that \\A q u a ^\\ L 2 < C2-i s a q {t)\\Vu\\ H s and ||A g VQ|| L 2 < C2~i s a 2 q (t) \\ VQ\\ H ° and denoting 
b q (t) d = f a\{t)a 2 q {t) we find 

|J 4 | < C2- 2 i s b q {t)\\VQ\\ L ~\\VQ\\ H 4Vu\\ Hs 

The following term to estimate is J5. Using Bernstein inequalities ||5 , g '_)_2 AQ||l°° < C2 q ||VQ||l«= and 
\\A q >Q a7 h* < C2-9'||VA 9 /Q a7 || I , a) we obtain 




<C 2«'||VQ|| L ^2-«'||A 9 ,VQ|| i 2||A 9 V U !| i 2 <C £ 2~o' s a q , (t)\\\/Q\\ H ^ s a q (t)\\\7u\\ H , 

q'>q — 5 q '> q —5 



< C2-^ s b q (t)\\VQ\\ L oo\\VQ\\ H s\\Vu\\ H s 

where b q (t) = J2 q '> q - 5 ^ 9 '^ s a q ,(t)a q (t) . 

The term J7fc, k = 6, 7, 8 is estimated exactly as the term that we have already studied above. 

Putting together all this estimates, multiplying by 2 2qs and taking the sum in q, observing that we can 
write any sequence b q € l q as b q = a q ■ a q with a q ,a q £ I 2 , using ab < Ce _1 a 2 + eb 2 with appropriately chosen 
e, we obtain the claimed estimate (dl|). 
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